With respect to a partial ordering «, the functional inequality F(s) + tG(s) « F(s + t) arises naturally in the study of extending classical convex-function theory to vector-valued functions. The solution F is strongly convex and has a Riemann type integral representation, even a Bochner type integral representation when the functional inequality is considered in a Banach lattice. The paper also proves the equivalence of strong and weak convexity in an ordered locally convex space whose positive cone is closed. As an application, an affirmative answer is given to an open question raised earlier by R. G. Kuller and the author.
partial ordering play important roles in our derivation of Bochner type integral representation for the convex-function-solution to the inequality when being considered in Banach lattices.
2. Equivalence of weak and strong convexity. Throughout this paper, let < denote the partial ordering in an ordered vector space with 6 as the zero vector; and let (a, b) denote an open interval on the real line which has the usual ordering <. Proof. Suppose x $ C. Then by a theorem in [2, p. 220], there exists a nontrivial continuous linear functional q on V, and a real number a such that q(x) < a < q(y) for all y in C. For arbitrary y in C and arbitrary positive integer n, ny E C. Therefore a < q(ny) and a/n < q(y). It follows that q(y) > 0 for all y in C. Meantime q(x) < a < q(9) = 0 since the zero vector 9 is in C. Thus, if x & C, there exists a positive continuous linear functional q such that q(x) < 0. This proves the nontrivial part of the lemma.
As a direct consequence of the lemma, we state the following Theorem 1. Weak and strong convexity are equivalent in an ordered locally convex space whose cone of positive elements is closed. 
From (2) and (3) it follows that 2F(s) <c F(s + t) + F(s -t), whenever s + t and s -t in (a, b).
This is equivalent to F(2s + \t) < \F(s) + jF(t), whenever í and t are in (a, b). Thus F is strongly convex on (a, b). The function G is isotone (nondecreasing) on (a, b), because the following two inequalities hold for positive small 8: F(s -8) + 8G(s -8) « F(s) and
F(s) -8G(s) « F(s -8).
Since G is monotone, it is natural to use step functions in proving that G is Riemann integrable over [a + e, /] where 0 < e and a + e < t < b. In the process of doing so, it can be assumed, without loss of generality, that a + e = 0 and t = \. Combining (6) and (7) Under the additional assumption that F is a Banach lattice, the function G is strongly Lebesgue measurable on [a + e,t], since the sequence of simple functions {<!>"} converges strongly to G due to the construction of <&". The realvalued function || G(í)|| is nondecreasing on [a + e,t], and, therefore, Lebesgue integrable, since the vector-valued function G with 9 < G(s) is isotone in the Banach lattice V. The strong measurability of G and the integrability of ||G(s)|| imply that the Bochner integral (B) fa'+e G(s)ds exists [7, p. 133] . To establish (B) fa'+£ G(s)ds = F(t) -F(a + e), it suffices to prove that, for each bounded linear functional q in V*, From (8) and the Hahn-Banach Theorem, it follows that (F) fa'+£ G(s)ds = F(t) -F(a + e). This completes the proof of the theorem.
